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Abstract 

In this paper, we establish the connection between the quantized W-algebra of sl(2, 1) 
and quantum parafermions of U q (sl(2)) that a shifted product of the two quantum 
parafermions of U q (sl(2)) generates the quantized W-algebra of sl(2, 1). 

1 Introduction 

The Lie algebra si (2) has a current realization that is given by three current operators 
e(z), h(z) and f(z). For 5/(2), when we consider the case of bosonization of the current 
operator, the operators e(z) and f(z) can be decomposed in the following way: 

e(z) = v + (z)y + (z), 
f{z) = v-(z)*-(z), 

where (z) are operators that commute with h(z) and v (z) are vertex operators gener- 
ated by the Heisenberg algebra of h(z). These two operators are called parafermions. 

For the quantum affine algebra U q (sl(2)), which is a q-deformation of the universal 
enveloping algebra of si (2), Drinfeld presented a loop realization of affine quantum groups 
with current generators [||. This, for U q (sl(2)), gives us the quantized current operators 
corresponding to e(z), h(z) and f(z) of s/(2), which are X + (z), (p(z), ip(z) and X~(z). 
Here <f(z) and ip(z) correspond to the positive and negative half of h(z) respectively. For 
U q (sl(2)), similarly when we consider the case of bosonization of the current operator, the 
operators X + (z) and X~{z) can be decomposed in the following way: 

X+(z) = V + (z)$ + (z), 
X-(z) = V-(z)$-(z), 

where $ ± (z) are operators that commute with <p(z), y^(z) and V ± (z) are vertex operators 
generated by the Heisenberg algebra of <p(z), VC-^) @] @ • 
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For a given affine Lie (super) algebra q, there exist different ways to construct the associ- 
ated W-algebra, which is an extended conformal algebra. One is the well-known Sugawara 
construction of Casimir type. Another is the Drinfeld Sokolov reduction. There is also an- 
other type of construction coming from the description of the associated W-algebra as the 
algebra generated by the current operators which commutes with the screening operators 
associated to g. This is evident for the case g = 5/(2), where the construction produces 
the Virasoro algebra. The key idea is to consider the screening operators associated to 
the root of q in terms of bosonization, then we try to find the simplest current operators 
that commute with those screen operators also in terms of bosonization. It turns out that 
it also gives a W-algebra. Such a construction was first quantized for the case of Vira- 
soro, which gives us the quantized Virasoro algebra[13] For the case of g = sl(N), such a 
construction is also utilized in the case of constructing quantized W-algebra associated to 
sZ(iV)[0]. Recently, following the idea of the description of quantum W-algebra using the 
quantization of screening operators 0, we derived the quantized W-algebra of 5/(2, 1)||. 
The generator of this algebra h(z) is bosonized as a sum of three vertex operators, while 
the screening operators are a set of two fermions or a set of one quantized screening oper- 
ators of 5/(2) and a fermion. For these two different sets of screen operators, they actually 
produce equivalent /i(z)Q, where l(z) is given as an uniquely determined operator that 
commutes with the two screening operators up-to a total difference. We see clearly ||, 
in terms of the description of one quantized screening operators of si (2) and a fermion, 
the degeneration of the two screen operators, when q goes to 1, are exactly the screen- 
ing operators associated to the Lie super algebra si (2, 1). This is the reason the algebra 
generated by h(z) is called the quantized W-algebra of 5/(2, 1). The degeneration of this 
operator h(z), when q goes to 1, still commutes with the screening operators, and gives 
us the associated W-algebra of 5/(2, 1). 

It is known in mathematics as a folklore that there is connection between the W-algebra 
corresponding to the Lie super algebra 5/(2, 1) and these two parafermions. Namely that 
in the operator product expansion of (w)^ + (z) , one of the components gives us a 
realization of the W-algebra of s/(2, 1), namely if we look at the bosonized Vl/~ (w)^ + (-z)'s 
components in terms of product expansion, the corresponding component commutes with 
two fermions, which is equivalent to the screening operators of s/(2, 1), which are equivalent 
as shown in || for the quantized case. 

In this paper, we will use the bosonization formulas in Q to establish again the connec- 
tion between the quantized W-algebra of s/(2, 1) and the two quantum parafermions. We 
show that the operator l{z) can be identified with the operator J c <J>~ (w)& + (z)dw , where 
the k is the central element or say level and the contour C is around the point w = zq k+2 . 
These extend the classical theory respectively. 

In Section 2, we will introduce the quantized W-algebra of 5/(2, 1) and some basic facts. 
In Section 3 of this paper, we will introduce the basic theory about the algebra U q (sl(2)) 
and baosonization and quantum parafermions. In Section 4, we will show the connection 
between the quantized W-algebra of s/(2, 1) and the quantum parafermions of U g (sl(2)), 
which is obtained as a corollary of our previous work M . 
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2 Quantized W-algebra of si (2, 1) 

In this section, we introduce the definition of the quantized W-algebra of sl(2, 1) presented 
in ||. This is mainly from the last section of §. 

Definition 2.1. The Heisenberg algebra H qtP (2) is an associative algebra with generators 
ai[n],n £ Z, and the commutation relations of the generators are: 

[ai[n],aj[m]] = -Ay (n)S n - m , 

which is defined on the field of the rational functions of p and q, two generic parameters 
with p,q £ C*, \q\ < 1, An = 1 and Ajj(n) = a(n) is a rational function of p and q for 
i + 3- 

Let /i be an element of a two dimensional space A2 generated by a,, for i = 1,2. Let 
a* be the generator of its dual space A;, such that a*(ai) = 2 and a*(aj) = —&//%. Let 

be the Fock representation of H q)P (2) generated by a vector v fM (fj, € A%), such that 
fljN^M = 0,n > 0, and ai[0]t> M = ^{a^v^. We assume here (3\ and /32 generic. 

Introduce operators Q{, i=l,2, which satisfy commutation relations [ai[n], Qj] = 2/?j<5 ni o, 
[a,j[n],Qi] = —b5 n fl. The operators e® 1 act from 7r M to 7r M+j g ai . 

We define two quantized screening currents as the generating function 

Sf(z) = e Qi z s i^ : exp ^ s+( m ) a « M 2 " 

for z = 1,2, where s^~[ m ] are in the polynomial ring of p, q over C* for m 7^ and 
sf[0] = aj[0] and by :: we mean the normal ordered product expansion. 

We impose the following equalities as an assumption on these two current operators. 

Assumption: 

S+(z)S+(w) = (z-w): S+(z)S+(w) :, 

S+(z)Sf(w) = z- b f 2A (z,w) : S+(z)S?(w) : 

= z- b e W (e W l/nZ m>0 A 2tl sl(m)s+(-m)w m /z m )) :S+{z)S+(w) :, 

S?(z)S+(w) = z- b f ia (z lW ) : St(z)S+(w) : 

= z- fc exp(expS m>0 ^i, 2 (m)4(m)4(-m)u; m /z m )) : S+(z)S+(w) :, 

and 

lim/(i,2)(2,w) = ]imfr 21 )(z,w) = (1 - wjzf. 

As defined in Definition 2.1, q is a complex number, which allows us to take the limit 
above. 

Clearly Sf(z) and (z) are two fermions, which are not the inverse of each other. 
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Let h(z) be a current operator in the form: 
h(z) = A 1 (z) + A 2 (z) + A 3 {z), 
where Aj(z) are the generating functions: 

K{z) = 9i : exp \j{rn)aj[rn]z 

\i[m] are in C[p, q] for i = 1,2,3, g± = 1, the integration contour is around 0; and h(z) 
commutes with the action of the quantized screening operators J Sf{z)dz/z. 

Here we can actually also define l\{z) even by a stronger condition that it commutes 
with the operators Sf(z) up-to a total difference. 

The main goal is to find out if such an operator actually exists; and if it exists, we 
would like to find out if it is unique. 

In this case, the simplest situation that we have is to impose the following assumptions 
on the correlation functions. 

Assumption: The correlation functions between Sf{z) and Aj(w) are 1, for the two 
pairs i = l,j = 3, and i = 2, j = 1, which also means that for either pair of the opera- 
tors, they commute with each other. The correlation functions between Sf(z) and A\(z) 
satisfy the condition that the two products Ai(z)Sf (w) and Sf (w)Ai(z) have the same 
correlation functions and 

z\ » \w\, 
w\ » \z\, 
and 

A = pq^ 1 . 




(z — w) 



Ai (*)5+H = A—-^ >— : Ax(z)S+(w) : 

[z — wpq L ) 



(z — w) 



S+(w)A 1 (z) = A—± >— : At(z)S+(w) : 

(z — wpq i j 



Proposition 2.1 ((6|). The correlation functions of the products A\(z)Si (w) and 
Sf (w)Ai(z) must be equal and the correlation functions must have only one pole and 
one zero. For some number A' , 

A 2 (z)Sf(w) = A' ^'^j : A 2 (z)Sf(w) :, \z\ » \w\, 

S+(w)A 2 (z) = A' \ Z ~ WP l\ : A 2 (z)Sf(w) :, \w\ » \z\, 
A'p'M = 1. 

A(l- Pl /p 2 )p 2 : A^z)^^^- 1 ) := -A' {I -p' x lp' 2 )p' 2 : A 2 {z)S+ (zp'f 1 ) : . 
Let p = p' 2 and q = p' 2 /p 2 , then p[ = 1, g 2 = pq~ 1 (pq^ 1 — 1). 
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Let 

Sf(z)A j (w) = SAij(z,w) : S+(z)A(w) :, 
Ai(z)S+(w) = ASij(z,w) : S?(z)A(w) : . 

We also impose the following Assumption: for some number B, 

A 2 (z)S+(w) = B ^~ W<11 \ : A 2 (z)S+(w) :, \z\ » \w\, 
(z - wq 2 ) 

S+(w)A 2 (z) = B [ Z ~ Wqi l : A 2 (z)S+(w) :, \w\ » \z\. 
(z - wq 2 ) 

Then, we have 

Proposition 2.2. The correlation functions of the products A 3 (z)S 2 (w) and S 2 (w)A 3 (z) 
must be equal and the correlation functions must have only one pole and one zero. For 
some number B' , 

A 3 (z)S+(w) = B' {z ~ Wq )\ : A 3 (z)S+(w) :, \z\ » \w\, 
{z - wq' 2 ) 

S+(w)A 3 (z) = B' {z ~ Wq )\ : A 3 (z)S+(w) :, \w\ » \z\, 
{z - wq' 2 ) 

B'{1 - qi/q 2 )q 2 : A 2 (z)S+ {zq 2 l ) := -B'(l - qi /q' 2 )q' 2 : A 3 {z)S+ (zq'f 1 ) :, 

&<LI<k = i. 

Let p' = q' 2 /q 2 . 

Theorem 2.3 ([^]). The operator l\{z) exists and is uniquely determined if and only if 
q' = q 

12 = qip, 

A t? (~ w \ - . /s.lK'U) _ h^w.zq'- 1 ) 

AQ%\\Z,W) - A- — r - — -, 

J2,l{zq 2 l ,w) fi, 2 {w,zq 2 L ) 
A- 1 AS 2 ,i{w^ 2 ,z) = SA 2i2 {zp-\w). 



Proposition 2.4. If l\{z) exists, then 

W^I<?2~V?,<?)oo 



f2,i{z,w) 

h,2(w,z) 



(w/z\q' 2 ~ q,q) c 
{z/w\q' 2 p- l ,q) a 
(z/wlq^q)^ 



As explained in || , we know that the number b actually does not affect the commutation 
relation of l{z) with itself at all. So this family of operators related to the parameter b are 
actually just a kind of rescaling. We call the associative algebra generated by the Fourier 
components of the operator l\{z), the quantized W-algebra of sl(2, 1). 



Quantized W-algebra of si (2, 1) and Quantum Parafermions of U q (sl(2)) 



175 



3 U q (sl(2)), its bosonization and quantum parafermions 

For the definition, we will use directly the current realization of U q (sl(2)) given by 
Drinfeld|]. 

Definition 3.1. The algebra U q (sl(2)) is an associative algebra with unit 1 and the gen- 
erators: (p(m),ip(—m), fori = l,...,n — 1, I G Z and m G Z<o and a central element 
c. Let z be a formal variable and X ± (z) = X^zeZ X (l)z~ l , <p{ z ) = X^meZ 



and V( z ) = F ^ ip(m)z m . In terms of the formal variables, the defining relations 



are 



(p(0)il>(P) = i/>(0)<p(0) ■■ 
tp(z)(p(w) = f(w)ip(z) 
ip(z)ijj(w) = ip(w)ip(z) 



-l // \-l 9i z /wq- 



ip{z)xl>{w)v{z) i>{w) g ( z / wq c) ' 

l p{z)X ± (wMz)- 1 = g(z/wq^ c ) ±1 X ± (w), 
ip(z)X ± (w)ip{z)- 1 = g{w/zqT\ c )T l X ± (w), 

[X + (z),X-(w)} = — {8(z/wq- c )4,(wqh c ) - 5(z/wq c Mzq^)} , 
(z - q ±a w)X ± (z)X ± (w) = (q ±a z - w)X ± (w)X ± (z), 

where 

5(z) = ^2 zk ■> d( z ) = — ~ (expanded around z = 0) , a = 2. 

keZ Z ~ q 

For this current realization, Drinfeld also gave the Hopf algebra structure j?]]. 
We first introduce the bosonic representation of U q {sl{2)) given in [Q]. We will use the 
notation from (2j. 

Let {a n ,a n , f3 n \n € Z} be a set of operators satisfying the following commutation 
relations: 

r . [2m] [km] 



2 

[2m] [km] 
2 ' 
[2m] [(k + 2)m] 



The other commutators are zero. These operators form the direct sum of three Heisenberg 
algebras. 
We define 

N + = C[a m , a m , f3 m ] m >o, 
N- = C[a m , a m , f3 m ]m<o- 
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The left Fock module i*}, mii m 2 is uniquely characterized by the following properties: there 
exists a vector \l,mi,m2 > in F^ mi ^ m2 such that 

Po\l,mi,ni2 >= 2l\l,mi,m 2 >, 
ao\l,mi,m2 >= 2mi\l,mi,m2 >, 
ao\l,mi, m,2 >= — 2m2\l,mi,m2 >, 
N + \l, mi,m2 >= 0, and 

N- \l, mi,m2 > is a free iV_-module of rank 1. 

For each triple of complex numbers r, s\ and S2, we define the operator e 2r P+ 2s ^ a + 2s 2 a 
by the mapping \l, m\,m2 > to \l + r, m\ + s±,m2 + «2 > such that it commutes with the 
action of N±. The normal ordering : * : is defined according to a < ao, a < ao, (3 < flo 
and N- < N + . 

Consider the operators X ± (z) : Fi jmij7n2 -> i*), mi ±i,m 2 ±i defined by 

i ' + 2 k k fc-4-2 I 

X+ W = ( g - g -i) 1 ^ + (*){^+(<T~^+(<r^) " W-(q*z)Z-(q—z)j : 
(X+(z)-X+(z)), 

w — y 

X-(z) 



(9 


- 9" 


- 1 ) 




1 




(9 


- q~ 


- 1 ) 




-l 




(9 


- q~ 


- 1 ) 




i 




(9 


- 


- 1 ) 



fc+2 fc i ttt _ fc ., fc+2 



-(Xf(z)-X 2 -(z)), 
where 

C 00 fcm 

y + (z) = exp \ q '^Jk^]( a - m + 



, m=l 



e2(a+s)z i (ao+(io) exp ^ _ £ q -^z__ {am + a m) y 



m=l 



oo 



y (z) = exp < - Y] q ™ - — - ( a _ m + a _ m ) 



oo 



e -2(a +S )^-I(ao +S o) exp | £ + « m ) | , 



Z + (z) = exp |-(, - q- 1 ) f; ^ m |||a 2 | g"§ 



ao 
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m=l 



W + (z)=ex P {-( q - q - 1 )Y,z- m f^ ] fo 



W-(z) = exp 



The action of those operators are well defined as explained in |2] which give us a 
bosonization of U q {sl{2)) of level k. 
First we define two new operators: 



Y+(z) = exp<| 2 m — («_ m ) 



v m=l 

( oo 



F-(z)=expj-^ 

^ m=l L J 



^ m=l 

km Z / _ \ 

2 - — r(a_ m 



e -<»),-i(»o, exp |^^£_ (5m) |, 



Let 



OG 



,;rn 



V+(z) = exp \ 9 jj^ («-m) 



, m=l 

( oo 



OO 



v JTi 



^W=exp|-X; g fc r i |_ J (a_ m ) 



OG 



e -2(a)^-I(a ) PYT1 J ^„^£ 



I V ^ krn 6 / \ 



We define two current operators $ (z) as: 
Definition 3.2. 

1 — I [ fc+2 _fc fe fc+2 



(9-9 ) I J 
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We, then, have: 



X + (z) = V + (z)$ + (z), 
X~{z) = V-{z)$-{z). 

Here V^(z) commutes with $ (z). Then we know that the two operators $ (z) give us 
bosonic realization of the quantum parafermions associated to U q (sl(2)) ||]@ . 

4 Main results 

We write down the correlation functions between the vertex operators. 
Y + {z)Y-{w) 



Y + 
=: Y + 
Y-(z)Y + (w) =: Y~ 
=: Y~ 



Y + (z)Z + {w) 
Z + (z)Y+(w) 



Z-{z)Y + {w) 
Y + (z)Z-{w) 



Y + 
Z + 

z + 

z~ 
z~ 

z~ 



Y-(z)Z + (w) =: Y + 
Z + {z)Y-(w) =: Z + 

= :Z + 



z)Y H :exp^ '^-L I- 



z)Y (w) : exp < H(w/z) 



\ —q{k-2)m _|_ „(fe+2)m 



in 



z)Y + (w) : exp < £ 



I qlkm 

(w/z) m [2m] \ 4/fc 



y A/k 



[km] 



z)Y + {w) : exp { ^(w/z) 1 



z)Z + (w) 



1 Jk-2)m + „(fc+2)r 



m 



1 



-,2km 



y A/k 



- + ^(w/zriq-q-^q^jmj l 2 
z)Y (w) : exp < > z 



in 



z)Y + (w) : exp 



z)Y + (w) 



— (km — 2m) 

Z(w/z) m (q a 



-(/cm+2m) 



in 



W+( v Ziw/zriq-q-^q^jm] \ 2 
w)Y (z) : exp < > z 



■/?•) 



w)Y + (z) : exp 



, — (km — 2m) 

Z(w/z) m (q a 



-(fcm+2m) 



z)Y : exp < v ' ' K — - — } z l 



in 



z)Y (w) : exp 



^(w/z) m (q— 



km — 2m km-\-2m , 



in 
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Z-(z)Y~(w) =: Z'(z)Y-(w) :, 

— . . . . - . , „ . , I — S(iy /z) m (q — o _1 )(7^ [ml ] 9 
y~(«)Z _ (ti;) =: y~(z)Z~(u>) : exp ^ w y ;y 



m 



/ , , < , km — 2m fcm+2m \ 

■-: Y (z)Z (w) : exp I K ' ' y > z 1 '. 

m I 



Z-(z)Z + (w) =: Z-{z)Z + {w) :, 

y+( \?-( ^ v+( \ \ gW^T (g ~ g^)W[fcm] ) 

Z^(z)Z =: (u;) : exp < > 

[ [zmjm J 

=:Z (*)Z H:ex P | (l - q ^ )m ) 

W'(z)W + (w) =: W~(z)W + (w) :, 

W+Wto -. W+MW-M : e X p(- S <^' m '"-f;' 2 H 2 [^^]| 
=:^+(z)^ H:exp| (1 _ g4m)m j 



x[: Y-{w)Z + {q h ^w)W + {q^w)- 1 :: Y + (z)Z + (q-^ z)W + (q~^ z) : 

p. fc + 2 fc+2 fc 

- : Y-(w)W-(q-2 W )- 1 Z^( y q- — w) :: — z)VF + (g~ 2 z) : 

— fc+2 fc fc fc + 2 

- : Y'(w)Z + (q—w)W + (q2 W y 1 :: F + (z)VF_(g2 z)Z_(g— z) : 

— fc fc + 2 fc fc + 2 

+ : y-(w)W_(g-5u/) -1 Z_(g— 3" u>) :: Y + (z)W-(q2 z)Z^(q— z) :] 
= Z i=1; . A Vi(w,z). 



Lemma 4.1. T/ie correlation function of Vi(w,z), i ^ 4 has a first order pole at w = 
q k+2 z, but the correlation function ofV&{w,z) has neither zero nor a pole at w = q k+2 z. 

This follows from the correlation function formulas above. 
Let 

L(z) = [ <5>-(w)$ + {z)dw, 
Jc 

where the contour C is around the point w = zq k+2 . 
Proposition 4.2. The current operator L(z) is in the form: 

L(z) = Ai(z) + \ 2 {z) + \ 3 {z), 
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where \{z), for i = 1,2,3, is a vertex operator and 
1 



Ax(z) 
A 2 (z) 



(q-q- 1 ) 2 
1 



(q^q- 1 ) 2 
1 

(q-q- 1 ) 2 



Y-(q k + 2 z)Z + (q £ ^z)W + (q^z)- 1 Y + (z)Z + (q-^ ± z)W + (q-^z) : 



Y- {q^ z)W-{q^- w)- L Z-(q^-)Y+ (z)Z+(q-^- z)W+(q-2 z) : 
Y-(q k+2 z)Z + {q^z)W + (q^z)- 1 Y + (z)W-(qiz)Z-(q t i 1 z) : . 



This follows from the lemma above. 

From this, we know that L(z) is a sum of three vertex operators. 

Here we will present two screening operators basically introduced in We define the 
operator S ± (z) as: 



S+(z)=exp £ 



1 



* m=l 



[2m] 



*i+2 m _ 



e {k+2)P+ka z l(/3 +a ) exp 



E 

m=l 



[2m] 



r 2 a r 



S (z) = exp < Yj 



< x [2m] 



3 (fc+2)/3-fca z i(A,-<5o) 



exp 



oo 

E 

m=l 



m Q 2 C^—m 



[2m] 



1 a 



2 m a„ 



Lemma 4.3. The correlation function of S ± (z)S ± (z) are given as: 

S + (z)S + {w) =: S + (z)S + {w) : {z - w), S~{z)S~{w) =: S~(z)S-(w) : (z - w). 
S + (z) and S~{z) are fermions. 

We can also calculate first all the correlation functions of the products of these two 
operators with component of X^(z), which are given as: 

Lemma 4.4. 



S+(z)X+(w) =: 


S+(z)X+ 


(w) 


(z 


- wq) 1 


S+(z)Xi(w) =: 


S + {z)X{ 


(w) 


(z 


- wq k+1 ) 


X+(w)S+(z) =: 


X+(w)S^ 


(*) 


(w 


~ zq)- 1 


X-(w)S+(z) =: 


X~(w)S^ 


(*) 


(w 


~zq k+1 ) 


S-(z)X+(w) =: 


S-{z)X+ 


(w) 


(z 


- wq-^ 1 ) 


S-(z)X^w) =: 


S-{z)X{ 


(w) 


(z 


-wq- 1 )' 1 


X+(w)S-{z) =: 


X+(w)S~ 


(*) 


(w 


- zq-'- 1 ) 


X£(w)S-(z) =: 


X 2 (w)S- 


(*) 


(w 


- zq- 1 )- 1 
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As shown in we have 
Lemma 4.5. 

X+{z)S+(w) = -S + (w)X + (z) ~ A. (— L_ Y + {z)B+{z) 



d q W \ Z — W 



X-(z)S + {w) = -S + {w)X-{z) ~ 0, 



£?l (2) = exp 



and 



d P. f{z) _ f(P 1/2z ) ~ f(P~ 1/2 z) 



m If , 



d p z (p 1 / 2 - p- l l 2 )z 

for a function f(z) on C* and a scalar p in C* . 

Similarly we have 
Lemma 4.6. 

X + (z)S-(w) = -S + (w)X + (z) ~ 
X-(z)S-(w) = -S~(w)X-(z) 

^ A. I _J_ : Y-(z)Z + ( q ^)W + ( q k 2z)S + (z) : } . 



d q W ^ Z — W 

Proposition 4.7. X 2 (z) commutes with S~(z), 

X 2 (z)S-(w) =: X 2 (z)S-(w) :, 
and L(z) commutes with S~(z) up-to a total difference. A3 (2) commutes with S + (z), 

X 3 (z)S + (w) =: X 2 (z)S + (w) :, 
and L{z) commutes with S + (z) up-to a total difference. 

For two current operators A(z) and B(z), by that A(z) commutes with B(w) up-to a 
total difference we mean: 

[A{z),b{w)} = r{S(-n)A(z) - 5(-r 2 )A(z)), 
w w 

where ri,r 2 ,r are non-zero constants and A{z) is a current operator. 
This follows from the lemmas above. 
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Theorem 4.8. The operator L(z) gives a realization of the quantized W-algebra of $1(2, 1). 

This follows from the fact that the generator for the quantized W-algebra of sl(2, 1) is 
uniquely determined by the fact that it commutes with two fermion up-to a total difference 
as explained in the section above. Because S + (z) and S~(z) are both fermions, which are 
not inverse of each other, therefore our l(z) is exactly such an operator, which gives us a 
realization of the quantized W-algebra of sl(2, 1). 

In a subsequent paper, we plan to present the quantized W-algebra for sl(m,n). For 
some of those algebras, we expect that we can build similar constructions using the oper- 
ators , which comes from the quotient of the sl(n + 1) up to gl(n). This should be related 
to the construction in (||. 

On the other hand, the W-algebra structure constructed from the parafermions of $1(2) 



was studied from a different point of view [p^Q| 111], where the connection with sl(2, 1) was 
not utilized. It is a very interesting question to look at the results of |10| p| from the 
point view of the W-algebra of si (2, 1). 
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